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Long-time behavior of the velocity autocorrelation function for moderately dense, soft-repulsive,
and Lennard-Jones fluids
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The long-time behavior of the velocity autocorrelation function~VAF!, for hard disk and sphere systems, has
been extensively explored. Its behavior for systems interacting via a soft repulsive or attractive potential is less
well known. We explore the conditions under which the nonexponential, long-time tail in the velocity auto-
correlation function of a tagged atom, in soft-repulsive sphere~Weeks–Chandler–Andersen! and Lennard-
Jones atomic fluids, may be readily observed by the molecular dynamics method. The effect of changing the
system size, the fluid density, the form of the interatomic force and the mass of the tagged atoms are investi-
gated. We were able to observe this long-time tail only for systems of moderate density. At low density the
effect, if it exists, is at longer times than we can currently simulate owing to limitations of system size and at
higher densities these tails were not observed possibly due to other effects dominating the behavior of the VAF
and masking this behavior. Under the physical conditions that are simulated here attractive forces have very
little effect on the behavior of the VAF. However, as the mass of the tagged particles is increased the time at
which the long-time tail commences is lengthened and its magnitude is significantly increased. This later effect
suggests that by increasing the mass of the tagged particles one may be able to study more readily the behavior,
nature and physical origin of long-time behavior of the VAF both by computational and by experimental
techniques.

DOI: 10.1103/PhysRevE.63.026109 PACS number~s!: 05.10.2a, 61.25.2f
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INTRODUCTION

One of the most significant discoveries made by mean
numerical statistical mechanics is the existence of long-ti
nonexponential tails in the velocity autocorrelation functi
~VAF!, C(t)5^v(0)•v(t)& of a tagged particle in a dens
hard-sphere fluid@1#. Since the pioneering work of Alder an
Wainwright @1#, much theoretical @2–8#, experimental
@9–15# and computational@16–20# work has been under
taken in order to understand aspects of the long-time be
ior of the VAF in a homogenous fluid and in a binary mi
ture. The molecular dynamics simulation by Alder a
Wainwright of 500 hard disk and hard sphere particles at
moderate reduced density of 0.47 indicated that a partic
velocity was correlated with its initial velocity even after
time period corresponding to approximately 20 collisio
@1#. The velocity autocorrelation function measured by Ald
from molecular dynamics~MD! simulations decayed ast2d/2

~d being the dimensionality of the system being simulated! at
times which are long on the molecular time-scale (;10213

seconds for Ar!. Alder @21# rationalized the long-timet2d/2

decay of the VAF in the following way. Particle momentu
is dissipated by sound waves~longitudinal hydrodynamic
modes! or as a vortex~governed by transverse modes!. At
long times, the transverse hydrodynamic~vortex! mode
dominates leading to a long-time tail in the decay of t
VAF.

At the time, this long-time~i.e., nonexponential! decay in
the velocity autocorrelation function was in contradiction
the results obtained from the accepted Boltzmann–Ens
kinetic theory@22# and the macroscopically based Langev
equation@22#. These theories predicted that on time sca
which are long on the molecular scale, particles execute
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random walk leading to an exponential type decay for
velocity autocorrelation function.

Dorfman and Cohen@4# were able to show theoreticall
that kinetic theory was able to account for long-time tails
the VAF in hard disk and hard sphere systems by a res
mation in the binary-collision expansion used to calculate
VAF. They were able to show that the kinetic theory ba
for the slowly decaying hydrodynamic modes~leading to
vortex formation! was, amongst other reasons, recollisio
between particles. They also noted that their results were
truly asymptotic but could be compared with MD resu
over the time intervals ranging from 10 to 50 mean fr
collision times and estimated that the long-time tail sho
remain for at least 40 collision mean free times.

The vortex flow patterns have been observed comp
tionally in two dimensions, in MD simulations of hard disk
by Alder and Wainwright@1# and MD simulations of soft-
repulsive particles interacting with a larger circular obstru
tion ~or a large particle! by Rapaport and Clementi@23#.
Similar results have been observed using lattice gas meth
for fluid flow around colloidal particles in two dimension
@24#. Therefore, the hypothesis of the formation of the vort
field being the dominant effect giving rise to a long-time t
is well supported, at least in two dimensions.

Finally, Erpenbeck and Wood@17–19# using mode-
coupling theory for a finite system~based on the mode
coupling theory of Ernst, Hauge, and van Leeuween@3#! ex-
tended the hard disk and hard sphere MD studies initiated
Alder out to much larger correlation times and showed t
their results are in agreement with Alder@1# and Dorfman@4#
and others. Thus, the basis for long-time tails in a hard d
sphere system is now considered to be well understood.

In contrast the long-time behavior of the VAF for system
of particles interacting via a continuous potential is large
©2001 The American Physical Society09-1
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uncharacterized. This point takes on added importance w
it is realized that nearly all experimental evidence for lon
time behavior in the VAF of moderately dense fluids is bas
on experimental work done on systems of particles inter
ing via potentials which may be more closely modelled b
continuous potential of the Lennard-Jones or screened C
lomb type than by a discontinuous hard sphere potential.
example, experiments such as dynamic light scatte
@10,12# or diffusive wave spectroscopy@14,15# from colloid
particles and neutron scattering experiments on liquid ar
@11#, rubidium @11#, and sodium@13# all indicate the pres-
ence of a long-time tail in the VAF. The overall objective
this paper is to begin a systematic MD study for these ty
of systems. The specific aims of this study are as follow

~i! Investigate the effect of interparticle attraction on t
decay of the velocity autocorrelation function for a sing
component system.

~ii ! Investigate how the long-time tail is affected as t
particle/fluid mass ratio increases in order to relate to m
surements of the long-time tails in the VAF for very larg
colloidal particles suspended in a background molecular fl
@10,12#.

~iii ! Investigate the density regime under which a lon
time tail can readily be observed for a system of partic
interacting via a continuous potential.

~iv! Determine whether the long-time tail still exists out
long correlation times or alternatively whether it is only o
servably finite in duration.

MOLECULAR DYNAMICS METHOD

Determination of the long-time behavior of the veloci
correlation function by molecular dynamics is limited by t
number of particlesN in the simulation because the VAF ca
only be determined for correlation times such that the bou
ary conditions have no influence. This maximum correlat
time, tmax, is estimated to be the time it takes a dens
disturbance in the form of a sound~pressure! wave of speed
cs to cross the periodic box of length (N/rN)1/3, i.e., tmax

'(N/rNcs
3)1/3, whererN is the number density@6#.

Erpenbeck and Wood were able to overcome this lim
tion for hard disk/sphere systems by applying a mode c
pling theory developed for a finite periodic NVT ensemb
and used this to correct for finite-system effects@17,18# and
thus calculated the VAF out to correlation times larger th
20 picoseconds which corresponds to over 100 mean
collision times. However this approach is not strictly va
for particles interacting via a continuous potential and
addition gives rise to large error bars at the long correlat
times. Thus we have computed the VAF for systems as la
as 32 000 particles in order to directly observe the beha
of the VAF out to long times.

NVT molecular dynamics~MD! calculations were per
formed on a Quintek Fast9 Transputer Network and a D
Alpha workstation using up to 32 000 particles for up
101 000 time steps. The MD algorithms on the Transpu
are based on a parallel implementation of the Link-C
method by Hockney and Eastwood@26#, a full treatment of
this computational method used is given elsewhere@27#. The
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MD calculations on the DEC Alpha workstation used
simple neighbor list algorithm@28#. Both methods used a
Verlet algorithm@28# in periodic boundary conditions usin
double precision~64 bit! arithmetic.

The forces used were based on the truncated and sh
two-body potential functionsfTS given by Eq.~1!:

fTS~r !5f~r !1f~r CUT!, r<r CUT

50, r>r CUT, ~1!

where

f~r !54«@~s/r !122~s/r !6#.

Two such potentials were used, i.e., the Chandler–Wee
Anderson ~CWA! soft repulsive potential@25# with r CUT
5(2)1/6s and the often used, truncated and shifted Lenna
Jones potential@28# with r CUT52.5s.

Simulations were performed at a reduced number of d
sities (rN* 5rNs3), ranging from 0.05 to 0.75, at a reduce
temperatureT* 5kT/«52.17. Most of this work was under
taken atrN* 50.45 using the CWA potential and it is assum
that these were the conditions used in the discussion sec
unless it is specifically stated otherwise. At this density a
temperature we calculated the thermodynamic properties
CWA hard sphere perturbation theory or MD simulations,
be ~the values in brackets are from Ref.@16#!: pV/NkBT
52.7060.01 ~2.72!, Ui /NkBT50.219260.002
~0.347!, Cv/NkB5(dU/dT)V51.6960.01 ~1.89!,
(kBT)21(]p/]rN)T55.6160.02 ~5.70!, and (kBrN)21

(]p/]T)r52.3260.01 ~2.34!, wherep is the pressure,Ui is
the configurational part of the internal energy,kB is Boltz-
mann’s constant. The error estimates were made using b
averages. The sound velocitycs was found to be 0.631s/t0
~0.621! wheret05(ms2/48«)1/2 is the unit of time used by
Levesque and Ashurst@16#. The integration time step used i
this study is given byDt50.032 416t0 .

The normalized VAFc(t)5C(t)/C(0)5^vI (0)•vI (t)&/
^vI (0)•vI (0)& was calculated using Eq.~2!:

^vI ~0!•vI ~nDt !&

^vI ~0!•vI ~0!&
5(cDt)

5

(
i 51

Ni

(
j 51

N0

~vI i@~n1 j !Dt#•vI i@ j Dt# !

(
i 51

Ni

(
j 51

N0

vI i@~n1 j !Dt#•vI i@~n1 j !Dt#

,

~2!

wheren runs from 1 to the maximum number of correlatio
channelsNC , nDt is the correlation time, the summatio
over i runs over allNt tagged particles and the summatio
over j runs over allN0 time origins.

For each particular run, the system was equilibrated fo
minimum of 5000 time steps before the velocity autocor
lation data was collected. The VAF was calculated using
bit ~double! precision and was averaged over theNt tagged
particles in the system (Nt<N) and was also averaged ove
9-2
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FIG. 1. A log–log plot of the
normalized velocity autocorrela
tion function c(t) versus correla-
tion time t for the CWA system of
N54000 atoms atT* 52.17 and
r* 50.45 compared with the line
At23/2. The data gives a compari
son of the data for the 12 run
used to estimate uncertainties an
the independent runs not used
this averaging process.
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a number of time originsN0 ranging from 4960 to 9900. MD
simulations were performed for up to 101 000 time steps
order that reasonable averaging could be performed o
time origins in order to obtain data of sufficient statistic
accuracy at the longest correlation times.

In order to carry out the aims stated in the Introduction
needed an estimate of the uncertainties in the comp
VAF’s. Unfortunately the normal method used to estima
uncertainties in VAF’s@29# is not applicable here becaus
this method assumes that the correlated variable is a Ga
ian random variable which is clearly not the case in the
gion of the long-time tail.

Thus, an estimate of statistical errors due to the finite ti
averaging of the velocity autocorrelation function was det
mined by calculating the maximum and minimum deviati
from the mean value obtained over twelve 4000 particle d
runs with different starting configurations. The differe
starting configurations were obtained by equilibrating
system between 5000 and 60 000 timesteps in 5000 time
increments. This was done because the usual method o
timating errors, i.e., using block averages of sufficient s
that the correlations between successive block average
small would be very time consuming here owing to the la
number of particles used and the lengths of the runs requ
to calculatec(t) out to very long times. Figure 1 shows~as
error bars! the estimation of errors in the decay of the velo
ity autocorrelation function in a system of 4000 particl
under the same thermodynamic conditions as the MD si
lations of Levesque and Ashurst@16#.

It was thought that the above error estimates might no
realistic due to the possibility of averaging over highly co
related data. Thus we tested the reasonableness of our
estimates by performing a second series of five statistic
independent 4000 particle runs. These were carried ou
above but were started from entirely independent initial c
figurations in order to make them statistically independe
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The starting configurations were~1! a static simple cubic
lattice ~SC!; ~2! a static body centered cubic~BCC! lattice;
~3! configurations obtained by Monte Carlo~MC! simula-
tions of 450 000 steps which commenced from SC, FCC,
BCC starting configurations, respectively.

Figure 1 compares the results from this second serie
statistically independent runs with the averaged data and
ror bars from the first set of runs. This comparison sho
that this new data lies within our initial error estimates ind
cating that this method gives reasonable estimates of un
tainties. Furthermore our results also agree with those
Levesque and Ashurst@16# to within the combined uncer
tainties of each set of results.

BACKGROUND HYDRODYNAMIC THEORY

Using the conservation equations of classical hydro
namics under the local equilibrium hypothesis, it can
shown that@2–6,22,30#.

c~ t ! →
t→`

2

3rN
~4p~Ds1v !t !23/2, ~3!

whereDs the self-diffusion coefficient andv is the kinematic
viscosity.

The hydrodynamic explanation for this nonexponent
decay ofc(t) is that the velocity field propagates via tw
pathways@6#.

Longitudinal sound waves, which are fast processes ass
ciated with fluctuations in density and temperature. They
predicted to propagate at the speed of soundcs in the me-
dium which is supported by neutron scattering experime
on simple liquids@11,31,32#. These modes decay expone
tially and limit the maximum correlation time obtainable b
the MD method using periodic boundary conditions a
9-3
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FIG. 2. A log–log plotc(t) versust for the
CWA system of 4000 atoms atT* 52.17 as a
function of density.
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these modes are expected to influence the velocity field a
a time tmax, wheretmax;(N/rNcs

3)1/3.
Transverse shear modes, which propagate via a slow dif

fusive process with a velocity proportional to@(h/rN)#1/2

and dominate at long times, whereh is the coefficient of
shear viscosity. They are largely responsible for the vor
formation in the velocity field which gives rise to thet23/2

decay inc(t).

VELOCITY AUTOCORRELATION RESULTS

Effect of density on the decay ofc„t… for CWA and Lennard-
Jones„LJ … particles

In order to investigate the effect of density on the form
tion of long-time tails we studied systems of 4000 partic
of the same mass interacting via a CWA potential with
duced density varying from 0.05 to 0.75 and a reduced t
perature of 2.17. Figure 2 shows a log–log plot of the de
of the resultantc(t) for some of these systems. The da
indicates that thet23/2 tail exists in the reduced density rang
0.35 to 0.55 at this temperature. The maximum correlat
time tmax before periodic boundary effects influencec(t) was
calculated from the following formula by means of CW
hard sphere perturbation theory@25#:
02610
er
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tmax5~N/rNcs
3!1/35

~N/rN!1/3

F S ]P

]rN
D

T

1
VT

rN
S ]P

]T D
V

2 S ]T

]U D
V

2 G1/2.

~4!

Table I gives the calculated sound speed,cs and tmax at T*
52.17 and from these values it would appear that the not
able oscillation in therN* 50.55 data in Fig. 2 after 800 cor
relation time steps is likely due to corruption caused by
influence of boundary conditions.

Alder measured the formation time of the long-time tail
terms of the Enskog theory@23# collision mean free time
(tE) for a system of hard spheres of diameterd at a reduced
densityrNd3 which is given by

tE5
~12 1

6 prNd3!3

4rNd2@p^vI ~0!•vI ~0!&#1/2~12 1
12 prNd3!

. ~5!

Following the ideas of hard sphere perturbation theory a
assumingrNs35rNd3 we can calculatetE to give an esti-
mate of the number of collisions occurring before the tra
verse hydrodynamic~or vortex! mode dominates in our sys
tems. The Enskog timetE is 0.16 ps atrN* 50.55 and 0.35 ps
TABLE I. Speed of sound,cs , and maximum correlation time,tmax for a system of CWA particles
calculated by means of CWA hard sphere perturbation theory. The value in brackets is from Ref.@16#.

Reduced density (r* )
Sound speedcs

~in units of s/Dt!
Maximum correlation timetmax for

4000 particles~in units of Dt!

0.05 0.301 4414
0.15 0.363 2228
0.25 0.439 1772
0.35 0.529 1315
0.45 0.631~0.621! 1012
0.55 0.759 787
0.65 0.906 623
0.75 1.089 494
9-4
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FIG. 3. A comparison ofc(t) for the CWA and LJ 12-6 systems at various densities forN54000 andT* 52.17.
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at rN* 50.35 for argon and from Fig. 2 we estimate that t
long-time tail is apparent after approximately 450~4.4 ps or
15.5tE! and 550~5.4 ps or 27.5tE! time steps, respectively
for the 0.55 and 0.35 density data. For comparison Al
obtained a time of about 20tE for the appearance of th
long-time tail for hard spheres atrNs350.47.

Further data forrN<0.15 ~not shown here! indicated that
c(t) may be well approximated by an exponential decay o
the entire time regime considered here indicating that
these densities particle-fluid momentum transfer occ
largely through longitudinal hydrodynamic modes and v
tex formation is not sustained. Hence if such formation
curs at these low densities then our data suggests that
must exist at considerably greater times than we are ab
make accurate estimates ofc(t).

For rN* .0.55 within the accuracy of our calculations w
could not observe a long-time, nonexponential decay ofc(t).
This may be because it does not exist at these densitie
that other effects are tending to mask the long-time anal
behavior, e.g., insufficient precision,tmax being too small or
masking by dynamical effects such as backscattering
would thus appear that the observation of nonexponen
long-time tails inc(t) for simple fluids by the MD method
may, at present, only be readily made for moderate redu
densities of around 0.45.

To illustrate the effect of interparticle attraction we com
pare, in Fig. 3, the decay ofc(t) for CWA and LJ particles,
in the reduced density range 0.35 to 0.55. The results s
that the decay ofc(t) is remarkably similar in either cas
indicating the effect of interparticle attraction on the form
tion of transverse hydrodynamic modes is minimal under
conditions studied here. This is perhaps not surprising at
temperature since the properties of the CWA and LJ syst
02610
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are almost identical at high temperatures and quite simila
general. However, significant lowering of the temperature
densities where long-time tails are observable for CWA p
ticles would put the system in the unstable two phase reg
of the LJ phase diagram and, therefore, be of no phys
relevance. On the other hand, significant increase of den
and simultaneous decrease in temperature would lea
strengthening of the effects such as backscattering, wh
judging from our results on the CWA potential, would ma
the effect of long-time tails inc(t). Thus, there would seem
to be little point in exploring these conditions.

Effect of varying particle Õfluid mass ratio

Experimental observation of the long-time tail in the VA
for molecular fluids has only been made indirectly@10–15#.
Direct measurements of the effect seems to be only poss
at least at present, for the self-motion of large colloidal
‘‘Brownian’’ particles suspended in a fluid of molecula
sized particles@10,12#, where the ratioa of the mass of
tagged particles,mt to that of the background fluid particles
mf is extremely large, i.e., effectivelya is infinite. By con-
trast in MD simulations to datea51. Thus, it is important to
investigate the effect that changinga has on the form of
c(t). In particular it is important to see if the long-time ta
still exists and, if so, whether it has the same time dep
dence as whena51.

Pomeau@34# has studied the general case of the long-ti
decay ofc(t) for Nt tagged particles of massmt in a binary
mixture of Nf other particles of massmf ~i.e., N5Nt1Nf!
using the Landau–Placzeck theory. The expression forc(t)
as t→` is rather complex but simplifies greatly in the lim
where the concentration of tagged particles to the surrou
9-5
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FIG. 4. A log–log plot ofc(t)
for a CWA system with T*
52.17 andr* 50.45 for mass ra-
tio of tagged to fluid atomsa of 2
for various systems compare
with the equationAt23/2.
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ing fluid is low. In this low concentration limit~in which the
parameterg defined below tends to zero! c(t) in the binary
mixture of tagged/fluid particles@34# is given by

c~ t !5 lim
t→`
g→0

2

3S rN
t 1

rN
f

a D ~4p~Ds~a!1v !!3/2

t23/2. ~6!

HererN
t is the number density of the tagged particles,rN

f

is the number density of the fluid particles,a5mt /mf the
ratio of the massmt of the tagged particles to the massmf of
the fluid particles,Ds(a) is the self-diffusion of the tagged
particles in the system andg5rN

t (rN
t 1rN

f )→0 constitutes
the low concentration limit.

Now for a tracer particle identical to the other particles
the system, i.e.,a51 we have from Eq.~6!,

c~ t !→2/@3rN$4p~Ds1v !%3/2#t23/2 ~7!

which is identical to the result given by~3!.
For the casea→` if one assumes thatmt@mf and Nt

!Nf'N, i.e., rm
t !rm

f and v5v f@Ds(a) and then~6! re-
duces to

c~ t !→2mt /@$3rm
f ~4pv f !

3/2%#t23/2 ~8!

which is the result for a massive particle suspended in a fl
of light particles obtained from the macroscopically bas
Boussinesq equation@12,33# that describes the nonstead
motion of a sphere of radiusR in a fluid of mass densityrm

f

and kinematic viscosityv f .
Furthermore, Eq.~6! predicts that the ratio of the magn

tude of the long-time tail for a mixture to that for a sing
component systemA is given by

A5@N/$Nt1Nf /a%#@$Ds1v%/$Ds~a!1v%#3/2. ~9!
02610
id
d

So if we assume thatDs5Ds(a) and Nt!Nf5N then the
expression forA reduces to

A5mt /mf ~10!

and thus the magnitude of the long-time tail is predicted
increase as the ratio of the mass of the tracer particles to
mass of the background fluid particles increases.

In order to test this theory for intermediate values of t
mass of the tagged particles to that of the background
ticles we have simulated a system ofN particles, all having
the same diameters and interaction potential, butNt of
which are tagged particles of mass greater than that of
other N2Nt fluid particles. To supplement our data fora
51 we made a series of runs using either an 8192 or 32
particle system of which 1000 were tagged particles w
particle/fluid mass ratio of 1:1, 2:1, and 4:1 and a reduc
density and temperature of 0.45 and 2.17, respectively~i.e.,
we simulated 1000 heavy tracer particles in a bath of eit
7192 or 31 000 fluid particles!. Note thattmax51285 for N
58192 and 2024 forN532 000.

Log–log plots ofc(t) verses time, Figs. 4 and 5, clear
displays long-time behavior consistent with a tail of the fo
At23/2 and a prefactorA which increases as the mass ra
increases in accord with the above theory. The data a
shows that the time for the appearance of this effect increa
asa increases.

In order to further test the predictions of Pomeau’s the
we adopted the procedure used by Levesque and Ashur
estimateA. For a51, they assumed that fort.t longc(t)
5At23/2 and found the value ofA(Afit) by fitting to their
computer results. They then computedA(Acalc) theoretically
from Eq. ~7!, assuming thatv was equal to the value for th
bulk fluid obtained from an independent nonequilibrium M
simulation and thatDs could be obtained from
9-6
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FIG. 5. A log–log plot ofc(t) for a CWA system withT* 52.17 andr* 50.45 for mass ratio of tagged to fluid atomsa of 4 for various
systems compared with the equationAt23/2.
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D5Dshort1D long51/3E
0

t long

^vI ~0!•vI ~ t !&dt

11/3E
t long

`

^vI ~0!•vI ~ t !&dt, ~11!

where the first term was found by integrating their compu
values ofc(t) and the second term was evaluated anal
cally from their fitted values ofAt23/2. They found agree-
ment between theAfit and Acalc to within the combined un-
certainties of both procedures~20%! and thatAfit.Acalc.

We have applied the same procedure to analyze our
for c(t) and find the following results shown in Table
from which we may conclude in agreement with Levesq
and Ashurst that fora51 Afit.Acalc but that the agreemen
betweenAcalc and Afit is very reasonable. However fora
.1 the agreement is not very good althoughA does increase
as a increases in agreement with theory. The disagreem
between the fitted and calculated values ofA may be due to
a variety of causes, e.g., uncertainties in the MD values
c(t), the need to use modified values of the transport co
ficients D(a) and v appearing in~6! ~i.e., whether to use
‘‘dressed’’ or ‘‘bare’’ values! or factors neglected in deriving
~6!. We have also calculatedA using only the short-range
contribution toD(a) in Eq. ~11! which makes little differ-
ence to the value ofA and finally we used Eq.~8! appropriate
asa→` which gives better agreement with the MD data f
a54 only, see Table II.

Thus, we may conclude that long-time tails do exist
tracer systems witha.1, their form is consistent with the
form At23/2 and the prefactorA increases asa increases as
predicted by Pomeau@34#. However, more work is clearly
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needed in order to make independent theoretical estimate
the prefactorA for a.1 @35#.

Lifetime of the long-time tails

As discussed earlier an estimate of the maximum corr
tion time, which can be used in this study, is given bytmax

;(N/rN cs
3)1/3. Thus the system size~N! must be large enough

to allow large correlation times to be observed. The dev

TABLE II. The values ofA obtained by fittingAt23/2 to c(t) for
t.t long and those obtained from Eq.~6!. Data in the third row using
the data from Ref.@16#.

aa Nt N Nrun
b t long

c Afit
d Acalc

e Acalc
f Acalc

g

1 4000 4000 12 460 0.0190 0.0169 0.0178 0.03
1 1000 32 000 1 460 0.0190 0.0169 0.0177 0.03
1h 4000 4000 2 460 0.0200 0.0168 0.0177 0.03
1 1000 8192 1 460 0.0190 0.0168 0.0178 0.03
2 1000 32 000 2 900 0.043 0.034 0.0354 0.06
2 1000 8192 3 900 0.040 0.032 0.0330 0.060
4 1000 32 000 1 1200 0.13 0.065 0.0683 0.12
4 1000 8192 3 1200 0.12 0.056 0.0566 0.098

amt /mf .
bNumber of runs used.
cUnits of Dt.
dValue of the prefactorA in At23/2 obtained by fitting to the MD
c(t) data.
eValue of A obtained from Eq.~6! usingDs(a)5Dshort1D long.
fValue of A obtained from Eq.~6! usingDs(a)5Dshort.
gValue of A obtained from Eq.~6! usingDs(a)50.
hUsing the data from Ref.@16#.
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FIG. 6. As for Fig. 1 but with
varying numbers of atomsN. The
arrows on the correlation time
axis indicate the approximate
value of the time tmax beyond
which the effects of the periodic
boundaries may influence th
value ofc(t).
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tion from t23/2 behavior in the decay of the velocity autocor
relation function, either due to destruction of the vortex o
due to other processes dominating, must occur before
correlation timetmax, otherwise the deviation may well be
due to a corruption of the velocity autocorrelation functio
caused by the periodic boundary conditions.

Figures 6 and 7 give the normalized velocity autocorrel
tion c(t) as a function of correlation timet ~in units of the
MD time step,Dt! for N5500, 864, 1372, 2048, 4000, and
32 000, respectively, witha51 for which tmax5506, 607,
708, 810, 1012, and 2024, respectively. The error bars~using
the previously discussed method! shown in these figures
were used as an indicator to determine when the decay
c(t) has statistically deviated fromt23/2.

Figure 6 shows that for the 500 particle system, a lon
time tail is not observed, this was also found in simulation
with N,500 particles. Alder’s results for hard spheres@1#
showed that at23/2 decay inc(t) was observed for 500 hard
spheres, in contrast to the behavior of these soft sphe
Also for N<500 the correlation time at whichc(t) initially

FIG. 7. As for Fig. 6 but forN54000 andN532 000.
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deviates from that for systems of larger numbers of partic
is very close totmax and the deviation is not an abrupt pro
cess. However, for 500,N<4000 significant deviation of
c(t) from the t23/2 behavior, if it occurs, is for correlation
timest greater thantmax and also does not happen abruptly
can clearly be seen from Fig. 6. This suggests that the ef
of periodic boundary conditions~probably primarily due to
longitudinal modes! is not a sudden, drastic process but o
curs slowly in time fort.tmax5(N/rN cs

3)1/3.
Finally, in order to further investigate the question of t

finite lifetime in Fig. 7 we comparec(t) for a 4000 and
32 000 particle system under the same conditions as Fig
However, this shows that there is no disappearance of
long-time tail for times twice as long as for our other sim
lations.

CONCLUSION

In order to complement previous work on hard disk a
hard sphere systems we have studied the formation of lo
time, nonexponential tails in the velocity autocorrelati
function for systems of particles interacting via a continuo
potential function.

For system sizes simulated here the observation of n
exponential long-time tails inc(t) for simple fluids is only
routinely directly observable for moderate reduced densi
of around 0.45. If they do occur at considerably lower
duced densities~around 0.15! then they must occur at con
siderably greater times than we can currently simulate an
they occur at high reduced density then they must be mas
by other effects viz. insufficient precision,tmax being too
small and/or the masking effect of other physical proces
on c(t) such as backscattering.

Comparing the decay ofc(t) for CWA and LJ particles,
in the density range 0.35 to 0.55 atT* 52.17 shows that this
decay is similar in either case which indicates the effect
interparticle attraction having a minimal influence under t
conditions studied here. However, it is also argued tha
will be very difficult to study the long-time tail under othe
physically realistic conditions for a LJ potential.
9-8
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LONG-TIME BEHAVIOR OF THE VELOCITY . . . PHYSICAL REVIEW E63 026109
We investigated systems where the ratio of the mas
tagged particles to background particlesa is greater than one
and our results indicate the following:

~i! The long-time decay of the VAF in these cases clea
indicates a long-time, nonexponential tail which is consist
with the formAt23/2.

~ii ! The time for the appearance of this effect increase
a increases.

~iii ! The magnitude of the effect increases asa increases.
~iv! More work needs to be done on finding an indepe

dent theoretical estimate of the prefactorA.
Points~ii ! and~iii ! suggest that the effect of the mass ra

of tagged particles to fluid particles is a fruitful area f
future research as the effect is at longer times and is m
larger than for a one component fluid even for a mass rati
only 2. This means that scattering experiments on heavy
oms or small colloidal particles suspended in a simple fl
ys

y

e,
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may well be able to directly observe the long-time tails
c(t).

Finally for a system of soft repulsive spheres at moder
density we have shown that if the number of particlesN
,864, a long-timet23/2 tail in the VAF is not observed, bu
that it does occur ifN>864. Furthermore, significant devia
tion in c(t) from t23/2 behavior for these systems occu
only at correlation times greater than the time,tmax and oc-
curs slowly over time. We are unable to determine if t
long-time tail has a finite duration and were, thus, unable
see if the vortex field which is primarily responsible for th
long-time tail has a finite lifetime.
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